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that connect them. The solution from a direct method can be used
to identify such structure, and the approach considered in this Note
can be adapted to handle it.

A motivating reason for using the Riccati dichotomic basis
method is to gain insight into the phase space structure in the
neighborhood of the optimal solution. Previously, an approximate
dichotomic basis method was developed to solve completely hy-
persensitive HBVPs2 and has been shown to work successfully on
problems of moderate complexity.3 The major disadvantage of the
approximate dichotomic basis method is that it does not produce
direct information about the exact directionsof expandingand con-
tractingbehavior in the tangent space of the optimal trajectory.This
de� ciency is overcome by the Riccati dichotomic basis method de-
scribed here. Not only does the Riccati dichotomic basis method
produce a solution to the HBVP, but it also produces the solution to
the Riccati differential equations from which the dichotomic basis
can be constructed with no further computation. The dichotomic
basis provides useful information about the conditions satis� ed by
points on the stable and unstable manifolds.

Finally, it is importantto distinguishthe successiveapproximation
procedures developed here from the well-known backward sweep
method presented in Ref. 9, which also solves a Riccati differen-
tial equation. The basic differencebetween the two methods is that
the method of Ref. 9 makes no attempt to eliminate the hyper-
sensitivity, whereas the key feature of the current method is that
the hypersensitivityis eliminated over the time interval of interest.
Consequently, for problems with relatively long durations in the
boundary layers the method of Ref. 9 will be less likely to succeed
than will the method developed in this Note.

Conclusions
A Riccati dichotomic basis has been constructed in the initial

boundary-layer segments along the solution of completely hyper-
sensitive HBVPs arising in optimal control. The structure of this
basis has led to the development of a successive approximation
procedure to � nd the solution in the initial boundary layer. The suc-
cessive approximation procedure was illustrated on a problem in
supersonic aircraft � ight, and its range of applicability was brie� y
discussed.
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Introduction

I N the active noise and vibration control � eld, as well as the � eld
of � exible structures, it is common to require an estimation tech-

nique for predicting the appropriate system response where it is
either physically impossible or undesirable to place an actual error
sensor.1¡4 To resolve this virtual sensing estimation problem, es-
pecially for systems subjected to nonstationary tonal disturbances,
Tran and Southward5 proposedusing a hybrid adaptive feedforward
observer. This technique is a dynamic closed-loop transformation
that estimates the system states using the sensor responses and a
dynamic system model. Similar to other observer designs, the sep-
aration principle between the controller and the hybrid observer is
con� rmed.

The hybrid adaptive feedforward observer consists of two com-
ponents. A conventional feedback component is used to stabilize
the closed-loop observer, as well as to speed up the convergence
process. In addition, it provides extra design freedom to minimize
the effects of process and sensor noise. An adaptive feedforward
component is used to track the unknown mapping of the nonstation-
ary tonal disturbance onto the observer states. The adaptation was
achievedusing a least-mean-squares(LMS)-based gradientdescent
method.

In this Note, the stability and convergenceof the hybrid observer
is analyzed for the � rst time. It was proven that, in this design, the
nonautonomous overall system dynamics indeed contains linear-
time-invariant (LTI) eigenvalues. The analytical result on stability
was demonstrated using a one-dimensionalacoustic duct.

Problem Formulation
Consider a plant or dynamic system with a vector of outputs

y obtained as the measured response from sensors, as shown in
Fig. 1. A vector of unknown external disturbances w excites the
plant as well as a vector of control inputs u. No a priori knowledge
of how the disturbance w actually affects the internal states of the
plant is assumed; however, a feedforward reference signal, which
is correlated to the disturbance in w, is assumed to be available as
indicated by the dotted line in the left half of Fig. 1.

The plant is represented in state-spacenotation with the mapping
of the unknown external disturbance explicitly shown in the state
equation as

Px D Ax C Bu C w; y D Cx C Du (1)

Provided that the state-space model (A, C) is completely obser-
vable,6 we � rst design a conventional observer to estimate the sys-
tem states, assuming no disturbance input, that is, w D 0. The con-
ventional observer is then augmented with an adaptive feedforward
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Fig. 1 Implementation of a hybrid adaptive feedforward observer.

component. The equations describing the hybrid observer are writ-
ten as

POx D AOx C Bu C F" C Ow; Oy D COx C Du (2)

where " ´ y ¡ Oy is the output error vector.
In the special case where the disturbance frequency is known a

priori and remains constant,a variety of � xed-gain feedbackcontrol
strategies, based on the internal model principle, are available for
rejecting the disturbance.7¡9 These techniques are not robust when
the disturbance frequency is nonstationaryand unknown.

De� ne the state reconstructionerror to be½ ´ x ¡ Ox; an equivalent
error dynamic system is formed as

P½ D [A ¡ FC]½ C .w ¡ Ow/; "p D C½ (3)

Equation (3) indicates that the feedback-gain matrix F is used to
partially specify the convergence of the error dynamic system by
appropriate pole placement. This feedback element can also pro-
vide some compensation for modeling errors and help reduce the
sensitivity to sensor and/or process noise.10 The feedforward com-
ponent,on theotherhand,rejectsthenonstationarytonaldisturbance
present in the state reconstructionerror.

For a single nonstationary tonal disturbance, without loss of
generality, w can be expanded into in-phase and quadrature com-
ponents as w.t/ D gc cos.!t/ C gs sin.!t/, where gc and gs are
unknown vectors that are potentially slowly time varying. The
feedforward component Ow in Eq. (2) is similarly de� ned as
Ow.t/ D Ogc.t/ cos.!t/ C Ogs .t/ sin.!t/. From this formulation, it is
clear that, if Ogc approaches gc , and Ogs approaches gs , then the state
reconstructionerror can be reducedto zero.An LMS-based adaptive
algorithm can be designed to achieve this objective.

The adaptivecoef� cients Ogc and Ogs are to be updatedin a direction
that minimizes the cost function J D 1

2 "T .t/".t/. Let HR.!/ and
HI .!/ be the real and imaginary parts of the closed-loop observer
transfer function, H. j!/ ´ C[ j!I ¡ .A ¡ FC/]¡1 , the � nal LMS-
based adaptation laws for the feedforward disturbance estimates
become5

POgc.t/ D ¹rc.t/".t/; POgs.t/ D ¹rs .t/".t/ (4)

where rc.t/ ´ [HT
R .!/ cos.!t/ ¡ HT

I .!/ sin.!t/] and rs .t/ ´
[HT

I .!/ cos.!t/ C HT
R .!/ sin.!t/]. This simpli� cation takes ex-

plicit advantage of the orthogonal reference signals, which are as-
sumed to be available; ¹ is the adaptive step size that governs the
convergencerate. As the disturbance frequencyvaries, a new corre-
sponding set of matrices HR .!/ and HI .!/ are required for proper
evaluation of the gradient terms in Eq. (4). For linear systems, this
observer may be extended to handle disturbances that contain mul-
tiple tones. The implementation of the feedforward component is
shown in Fig. 2.

Stability and Convergence
Consider the overall system dynamics

Pz D M.t/z C Qr (5)

where z D [xT OxT OgT
c OgT

s ]T , r D [uT wT ]T , and

Q D
µ

BT BT 0 0

I 0 0 0

¶T

Fig. 2 Implementation of the adaptive feedforward component.

In the presence of the adaptive feedforward components Ogc and
Ogs , system (5) becomes a nonautonomous system. In other words,
the mathematical model of the system is now time varying. The
elements of the state matrix are explicitly time dependent in the
sine and cosine terms. In general, very few nonautonomoussystems
have rigorous stability proofs.

The state matrix for the overall system dynamics can be parti-
tioned as

M.t/ D

2

6664

A 0 0 0

FC A ¡ FC cos.!t/I sin.!t/I

¹rcC ¡¹rcC 0 0

¹rsC ¡¹rsC 0 0

3

7775

D
µ

A 0n £ 3n

M1.t/ M2.t/

¶
(6)

I is the identitymatrix of an appropriateorder. In this case, the order
is the number of states or n. M.t/ is a 4n £ 4n matrix. Equation (6)
shows that F and ¹ must be selected to maintain system stabil-
ity. Furthermore, matrix M.t/ contains different combinations of
“slow” and “fast” eigenvalues with different associated F and ¹.
Therefore, the optimal F and ¹ will be those that construct a com-
binationof eigenvaluessuch that the error dynamic system can con-
verge the fastest.

Stability is analyzed from the determinant of the matrix
[¸I ¡ M.t/]. Because [¸I ¡ M.t/] is a lower triangular block ma-
trix with square diagonal blocks, its determinant is calculated as11

j¸I ¡ M.t/j D j¸I ¡ Ajj¸I ¡ M2.t/j (7)

Equation (7) shows the separation principle. The � rst term in the
right-hand side of Eq. (7) provides the eigenvaluesof the open-loop
system. These poles are time invariant.

Now consider the second term in Eq. (7). For notational conve-
nience,s and c will be used as abbreviationsfor sin.!t/ and cos.!t/.
A column reduction is performed on the last two block columns as

j¸I ¡ M2.t/j D

­­­­­­

¸I ¡ .A ¡ FC/ ¡cI ¡sI

¹rcC ¸I 0

¹rs C 0 ¸I

­­­­­­

D 1
¡cnsn

­­­­­­

: : : ¡csI csI

: : : ¸sI 0

: : : 0 ¡¸cI

­­­­­­

D
1

¡cn

­­­­­­

: : : ¡cI 0

: : : ¸I ¸sI

: : : 0 ¡¸cI

­­­­­­ (8)

A row reduction is now performed on the last two block rows of the
subsequent matrix:

j¸I ¡ M2.t/j D 1
¡c2nsn

­­­­­­

¸I ¡ .A ¡ FC/ ¡cI 0

¹crcC ¸cI ¸csI

¹srs C 0 ¡¸csI

­­­­­­

D 1
¡c2n

­­­­­­

¸I ¡ .A ¡ FC/ ¡cI 0

¹[crc C srs]C ¸cI 0

¹rsC 0 ¡¸cI

­­­­­­
(9)
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The lower triangular matrix with square diagonal blocks in Eq. (9)
is further expanded as

j¸I ¡ M2.t/j D 1
¡c2n

­­­­
¸I ¡ .A ¡ FC/ ¡cI

¹[crc C srs]C ¸cI

­­­­j¡¸cIj

D
­­­­
¸I ¡ .A ¡ FC/ ¡I

¹[crc C srs]C ¸I

­­­­j¸Ij (10)

Substituting rc and rs into Eq. (10) gives

j¸I ¡ M2.t/j D
­­­­
¸I ¡ .A ¡ FC/ ¡I

¹HT
R .!/C ¸I

­­­­j¸Ij (11)

Equation (11) shows two distinct sets of eigenvalues. One con-
tains zero eigenvalues,and the other contains the eigenvaluesof the
hybrid observer. More important, these eigenvalues are those of an
LTI system.

The analysis has proven that, although our system is nonau-
tonomous due to the presence of the adaptive feedforward com-
ponent, with the implementation of orthogonal reference signals in
the LMS-based gradient descent method, the eigenvalues become
those of an LTI system. Consequently, we can take full advantage
of the existing classical techniques to examine its stability.Because
it is practical to observe the system eigenvalues when determining
stability limits, the root locus technique was chosen. For a given
plant and a nonzero feedback matrix F for the observer, there ex-
ists an adaptive step size ¹ such that all eigenvalues remain in the
left-half plane. The analytical result was demonstrated using a one-
dimensional acoustic duct.

Demonstration
The test bed for demonstrating stability analysis was a one-

dimensional acoustic duct with a rigid termination at one end, and
a disturbance excitation speaker at the opposite end (Fig. 3). This
system is a standard linear distributed parameter system in acous-
tics. The physical dimensions of the acoustic duct were selected
based on a 300-Hz signal conditioningbandwidth limit and channel
limitations of the real-time hardware used for this implementation
of the algorithm. A duct length of L D 2:88 m and a diameter of
D D 0:15 m were chosen. With these dimensions, the longitudinal
resonance frequencies are multiples of 60 Hz. The � rst � ve modes
lie within the 300-Hz bandwidthlimitation,and the � rst radial mode
only begins to participate well above this limit.

To form a linear array, 12 equally spaced microphones were
placed along the interior duct wall. The pressure measurements
at a selection of these microphones are the outputs of the state-
space system (1). First, the frequency responses between the ex-
citation source and all 12 microphones were measured and input
to the SmartID toolbox12 to generate an 11th-ordercontinuous-time
empirical state-spacemodel. The B and D matrices from this empir-
ical model were discarded because only the A and C matrices were
required. In a practical application, the A, B, C, and D matrices as-
sociated with the secondary sources would be used. Next, a set of
microphoneswas chosen such that A and C are completely observ-
able. Among the possibilities, the microphones 3, 5, and 11 were
chosen; thus, a plant with appropriate states and outputs according
to Eq. (1) was established to demonstrate stability.

Fig. 3 Construction of the empirical state space model for the one-
dimensional acoustic duct.

Fig. 4 Demonstration of the use of root locus technique on an acoustic
duct and its observer at the � rst resonance (60 Hz).

Fig. 5 Upper limit of the adaptive step size for the hybrid observer
used in an acoustic duct system.

The system stability was � rst demonstrated at the fundamental
resonance. The feedback gain matrix F was selected to move all
poles of the equivalent error dynamic system (3) four times farther
into the left-half plane than the nominal plant poles. The adaptive
convergence factor ¹ was then increased until the poles crossed
into the right-halfplane. Figure 4 shows the root locus of the overall
system dynamics (5) when the acousticduct was excitedat 60 Hz. In
Fig. 4, poles at ¹ D 0 are representedby triangles.Poles at the upper
bound of ¹ are representedby circles. For the acousticduct system,
the pole corresponding to the third mode is the � rst to become
unstable as ¹ approaches 4:5 £ 105.

Suppose it is now desirable to demonstrate the system stability
over a range of frequency. F again was chosen such that all poles
of the equivalent error dynamic system are four times farther into
the left-half plane than the nominal plant poles. From 0 to 200 Hz,
a series of root loci similar to Fig. 4 was generated. The upper
limit of the adaptive step size as a function of frequency was then
summarized (Fig. 5). It can be seen that, at any frequency, there
indeed exists an upper limit for the adaptive step size ¹ such that
the system remains stable.As expectedfrom the root locusof Fig. 4,
themaximumadaptivestepsizeat 60 Hz is approximately4:5 £ 105.

The same approachwas additionallyused to examine the stability
for a specialcase when the feedbackcomponentof the observerwas
neglected.Figure 5 shows the necessity of the feedback component
in the regionsof 60–90 Hz and 125–180 Hz. For the chosen acoustic
system, the feedback matrix F not only supplements the adaptive
control in these regions, but also raises the stability limit for the
entire domain, which ultimately increases the convergence rate.

Conclusions
We investigated the stability and convergence of a hybrid ob-

server, which contains a conventional closed-loop observer as well
as an adaptive feedforward component, for systems subjected to
nonstationarytonal disturbances.This designfollows the separation
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principle like any other observers.The primary purpose of the feed-
back component is to partiallyspecify the convergenceof the equiv-
alent error dynamic system and to provide additional freedom to
minimize the effects of process and sensornoise. The adaptive feed-
forward componentwas designedto estimate the presumedeffect of
the tonal disturbanceon the actualplant states,using an LMS-based
gradientdescentmethod.Becauseof thepresenceof the feedforward
component, the overall system dynamics becomes nonautonomous.
This nonautonomous system, however, was proven to contain LTI
eigenvalues when orthogonal reference signals were implemented.
Consequently,classical techniquescould be used to study its stabil-
ity. The analytical results were demonstrated by applying the root
locustechniqueto a one-dimensionalacousticduct. It was con� rmed
that, for a plantwith a particularfeedbackgain for theobserver,there
exists an adaptive step size such that the system is stable.
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